
The Bloch sphere. |0⟩ sits at the north pole, |1⟩ at the south pole,
and the four equal superpositions sit round the equator. Any pure

state is an arrow given by two angles: θ measured down from the north
pole and φ measured round the equator.
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Two complex amplitudes look like 4 real numbers. Normalisation knocks
off one (leaving the 3-sphere S³), and the unobservable global phase

knocks off another, leaving 2: the surface of the Bloch sphere.
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The arrow's (x, y, z) coordinates, worked out either from the angles θ
and φ or straight from the amplitudes α and β. Each coordinate is also

the average result of measuring the matching Pauli operator.
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The chance of measuring 0 or 1 depends only on the latitude θ. At the
north pole you always get 0, at the south pole always 1, and anywhere

on the equator it's a fair coin.
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States that are at right angles in Hilbert space (zero overlap) end up
at opposite ends of the sphere, so every angle doubles. The overlap of
two states is cos²(Θ/2), where Θ is their angle apart on the sphere:

0° gives 1, 180° gives 0.
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Multiplying a state by an overall phase e^{iγ} changes no measurement
probabilities. So a whole circle of states (one 'fibre' of the Hopf
fibration from S³ to S²) all land on the same single point of the

sphere.
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Single-qubit gates are rotations of the sphere. X turns it half-way
round the x axis (0 becomes 1), Z half-way round z, H half-way round
the diagonal between x and z (so it swaps those axes), and S a quarter

turn round z. Purple is the rotation axis, blue the start, pink the
end.
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The general rotation formula, and what it looks like in a lab: a
resonant pulse rotates the arrow from north to south and back again,

so the chance of finding 1 rises and falls as sin²(Ωt/2). A 'π pulse'
is a full flip.
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Noisy qubits are described by a density matrix, whose Bloch vector r
can point inside the ball. Pure states live on the surface, the

completely random state sits at the centre, and decoherence (T₂
shrinking x and y, T₁ relaxing z) drags the arrow inwards.
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The three Pauli matrices. Each has two eigenstates, and those six
states are exactly the six points where the x, y and z axes poke

through the sphere. The +1 eigenstate is on the positive end of the
axis.
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For an entangled Bell state, each qubit on its own is maximally mixed:
both Bloch vectors shrink to zero length at the centre. The

interesting stuff lives in the correlations between them, which one
sphere per qubit can't show.
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Every key formula on one page: the state, its coordinates, the odds,
overlaps, the parameter countdown, rotations and gates, Rabi

oscillation and mixed states.
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